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Abstract 

^^ , The aim of our paper is twofold. First, we thoroughly study the set of meager 

elements M{E) and the set of hypermeager elements HM(£') in the setting 
^^ , of homogeneous effect algebras E. Second, we study the property (W+) and 

, 1 ' the maximality property introduced by Tkadlec as common generalizations of 

orthocomplete and lattice effect algebras. We show that every block of an 
Archimedean homogeneous effect algebra satisfying the property (W+) is lattice 
2 . ordered. Hence such effect algebras can be covered by ranges of observables. 

As a corollary, this yields that every block of a homogeneous orthocomplete 
effect algebra is lattice ordered. Therefore finite homogeneous effect algebras 
are covered by MV-algebras. 
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^D ' Introduction 



The history of quantum structures started at the beginning of the 20th 

century. Observable events constitute a Boolean algebra in a classical physical 

(^ , system. Because event structures in quantum mechanics cannot be described by 

i*^ ' Boolean algebras, Birkhoff and von Neumann introduced orthomodular lattices 

C^ , which were considered as the standard quantum logic. Later on, orthoalge- 

bras were introduced as the generalizations of orthomodular posets, which were 
considered as "sharp" quantum logic. 

In the nineties of the twentieth century, two equivalent quantum structures, 
D-posets and effect algebras were extensively studied, which were considered as 
"unsharp" generalizations of the structures which arise in quantum mechanics, 
in particular, of orthomodular lattices and MV-algebras. 



'Corresponding author 
Email addresses: niederleOmath.muiii.cz (Josef Nicdcrlc) , pasekaSmath. 
(Jan Paseka) 



Preprint submitted to Elsevier March 1, 2013 



Effect algebras are fundamental in investigations of fuzzy probability theory. 
In the fuzzy probability frame, the elements of an effect algebra represent fuzzy 
events which are used to construct fuzzy random variables. 

In the present paper, we continue the study of homogeneous effect algebras 
started in [9|. This class of effect algebras includes orthoalgebras, lattice ordered 
effect algebras and effect algebras satisfying the Ricsz decomposition property. 

In [9[ it was proved that every homogeneous effect algebra is a union of its 
blocks, which are defined as maximal sub-effect algebras satisfying the Riesz 
decomposition property. In [I3 Tkadlec introduced the property (W-I-) as a 
common generalization of orthocomplete and lattice effect algebras. 

Riecanova in jla | proved one of the most important results in the theory of 
effect algebras that each lattice ordered effect algebra can be covered by MV- 
subalgebras which form blocks. Dvurecenskij extended in [3[ this result for effect 
algebras with the Riesz interpolation property and with the decomposition-meet 
property. Pulmannova [l^ proved that every homogeneous effect algebra E 
such that every block B oi E satisfies the decomposition-meet property can be 
covered by MV-algebras. 

The aim of our paper is to show that every block of an Archimedean homo- 
geneous effect algebra satisfying the property (W-I-) is lattice ordered. Hence 
Archimedean homogeneous effect algebras fulfilling the condition (W-I-) can be 
covered by ranges of observables. As a corollary, this yields that every block of 
a homogeneous orthocomplete effect algebra is lattice ordered. Therefore finite 
homogeneous effect algebras are covered by MV-algebras which form blocks. 

As a by-product of our study we extend the results on sharp and meager 
elements of [10| into the realm of Archimedean homogeneous effect algebras 
satisfying the property (W-I-). We also thoroughly study the set of meager 
elements M(£') and the set of hypermeager elements IIM(£') in the setting of 
homogeneous effect algebras E. 

1. Preliminaries and basic facts 

Effect algebras were introduced by Foulis and Bennett (see |J]) for modelling 
unsharp measurements in a Hilbcrt space. In this case the set E{H) of effects 
is the set of all self-adjoint operators A on a Hilbcrt space H between the null 
operator and the identity operator 1 and endowed with the partial operation 
-I- defined iff A -I- i? is in E{H), where -I- is the usual operator sum. 

In general form, an effect algebra is in fact a partial algebra with one partial 
binary operation and two unary operations satisfying the following axioms due 
to Foulis and Bennett. 

The basic reference for the present text is the classic book by Dvurecenskij 
and Pulmannova [2|, where the interested reader can find unexplained terms 
and notation concerning the subject. 

Definition 1.1. |J,ll7| A partial algebra {E; ®, 0, 1) is called an effect algebra 
if 0, 1 are two distinct elements, called the zero and the unit element, and © 
is a partially defined binary operation called the orthosummation on E which 
satisfy the following conditions for any x,y,z G E: 



(Ei) x(By = y(Bxiix(Byis defined, 

(Eii) {x (By) (B z = X (B {y (B z) if one side is defined, 

(Eiii) for every x £ E there exists a unique y £ E such that x (B y = I (we put 
x' = y), 

(Eiv) if 1 © X is defined then x = 0. 

{E; ©, 0, 1) is called an orthoalgebra ii x Q) x exists implies that x = (see 
i)- 

We often denote the effect algebra {E; ©,0, 1) briefly by E. On every effect 
algebra E a partial order < and a partial binary operation © can be introduced 
as follows: 

X < y and y Q x ^ z iffa;©z is defined and x (B z ^ y . 

If E with the defined partial order is a lattice (a complete lattice) then 
(E; ©,0, 1) is called a lattice effect algebra (a complete lattice effect algebra). 

Mappings from one effect algebra to another one that preserve units and 
orthosums are called morphisms of effect algebras, and bijective morphisms of 
effect algebras having inverses that are morphisms of effect algebras arc called 
isomorphisms of effect algebras. 

Definition 1.2. Let E be an effect algebra. Then Q C £' is called a sub-effect 
algebra of E if 

(i) 1 e Q 

(ii) if out of elements x, y, z £ E with x(By — z two are in Q, then x,y, z G Q. 

If iJ is a lattice effect algebra and Q is a sub-lattice and a sub-effect algebra of 
E, then Q is called a sub-lattice effect algebra of E. 

Note that a sub-effect algebra Q (sub-lattice effect algebra Q) of an effect 
algebra E (of a lattice effect algebra E) with inherited operation © is an effect 
algebra (lattice effect algebra) in its own right. 

For an element x of an effect algebra E we write ord(a;) = oo if na; = x © a; © 
■ ■ ■ (B X (n-times) exists for every positive integer n and we write ord(a;) = Ux if 
Ux is the greatest positive integer such that n^x exists in E. An effect algebra 
E is Archim,edean if ord(.T) < oo for all x £ E. 

A minimal nonzero element of an effect algebra E is called an atom and E 
is called atomic if under every nonzero element of E there is an atom. 

Definition 1.3. We say that a finite system F = {xk)^^i of not necessarily 
different elements of an effect algebra E is orthogonal if xi © a;2 © ■ • ■ © a;„ 

n 

(written x^ or F) exists in E. Here we define Xi (B X2 (B ■ • ■ (B Xn = {xi (B 

k=l 

n— 1 n— 1 

a:2 © • • • © a;„_i) © a;„ supposing that Xk is defined and ( Xk) © Xn exists. 

fc=l k=l 



We also define 00 = 0. An arbitrary system G = (.TkJkgh of not necessarily 
different elements of E is called orthogonal if K exists for every finite K C G. 
We say that for a orthogonal system G = {Xf^)f^(zH the element 0G' exists iff 
V{0 K\K (ZGis finite} exists in E and then we put G = V{0 K\K (ZG 
is finite}. We say that G is the orthogonal sum of G and G is orthosummable. 
(Here we write Gi C G iff there is Hi C H such that Gi = (xk)kg-Hi)- We 
denote G® := {0 X I X C G is finite}. 

Definition 1.4. E is called orthocomplete if every orthogonal system is ortho- 
summable. 

Every orthocomplete effect algebra is Archimedean. 

Definition 1.5. An element x of an effect algebra E is called 

(i) sharp if a; A a;' = 0. The set SJE) = {x e E \ x Ax' = 0} is called a set of 



s 



all sharp elements of E (see [7[). 

(ii) principal, ii y (B z < x for every y, z € E such that y,z < x and y ® z 
exists. 

(iii) central, if x and a;' are principal and, for every y € E there are j/i, 2/2 G ^ 
such that j/i < x,y2 < x' , and y = yi ® y2 (see [y]). The center C{E) of 
i? is the set of all central elements of E. 

If a; G i;^ is a principal element, then x is sharp and the interval [0,a;] is an 
effect algebra with the greatest element a; and the partial operation given by 
restriction of © to [0, a;]. 

Observation 1.6. Clearly, E is an orthoalgebra if and only if S{E) ~ E. 

Statement 1.7. [y, Theorem 5.4] The center C{E) of an effect algebra E is a 
sub-effect algebra of E and forms a Boolean algebra. For every central element 
x of E, y ~ (y Ax) (B {y /\ x') for all y G E. If x,y E G{E) are orthogonal, we 
have xV y ~ X ®y and x Ay ~ 0. 

Statement 1.8. 11. Lemma 3.1.] Let E be an effect algebra, x,y € E and 
c,de C{E). Then: 

(i) If X (By exists then c A {x (B y) = {c A x) (B {c Ay). 

(ii) If c®d exists then x A {c® d) = {x A c) ® {x A d). 

Definition 1.9. A subset M of an effect algebra E is called compatible {inter- 
nally compatible) if for every finite subset Mp of M there is a finite orthogonal 
family {xi, . . . , a;„) of elements in E (in AI) such that for every m e Mp there 
is a set Ap C {1, . . . n} with m = 0jgyi Xi. If {a;, y} is a compatible set, we 
write a; O y (see ld.ll3j]). 



Evidently, a; •<-> y iff there are p,q,r G E such that x=p(Bq, y~q(Br 
and p (B q (B r exists iff there are c,d E E such that d<x<c, d<y<c and 
cQ X = y Q d. Moreover, ii x Ay exists then x ^ y iS x ® {y Q {x Ay)) exists. 



Definition 1.10. An effect algebra E satisfies the Riesz decomposition property 
(or RDP) if, for all u,vi,V2 G E such that u < Vi (B V2, there are mi,M2 such 
that ui < vi,U2 < V2 and u = ui © U2- 

An effect algebra E is called homogeneous if, for all u,vi^V2 G E such that 
u < vi (B V2 < u' , there are ui, U2 such that mi < wi, '"2 < V2 and u = wi © W2 
(see i). 

An effect algebra E satisfies the difference- meet property (or DMP) if, for 
all x, w, z £ E such that x<y,x/\z&E and y A z G E, then {y Q x) A z G E 
(see 0). 

Statement 1.11. [9|, Proposition 2.3] Let E be a homogeneous effect algebra. 
Let u, wi, . . . ,Vn (z E be such that fi©- ■ •©«„ exists, u < fi©- ■ •©«« < u' . Then 
there are ui, . . . , u„ such that, for all 1 < i < n, Ui < Vi and w = mi © • • • © u„. 

Statement 1.12. 0, Proposition 2] 

(i) Every orthoalgebra is homogeneous. 

(ii) Every lattice effect algebra is homogeneous. 

(iii) An effect algebra E has the Riesz decomposition property if and only if E 
is homogeneous and compatible. 

Let E be a homogeneous effect algebra. 

(iv) A subset B of E is a maximal sub-effect algebra of E with the Riesz de- 
composition property (such B is called a block of E) if and only if B is a 
maximal internally compatible subset of E containing 1 . 

(v) Every finite compatible subset of E is a subset of some block. This implies 
that every homogeneous effect algebra is a union of its blocks. 

(vi) S(i?) is a sub-effect algebra of E. 

(vii) For every block B, C{B) = S{E) n B. 

(viii) Let x G B, where B is a block of E. Then {y G E \ y < x and y < x'} C B. 

Hence the class of homogeneous effect algebras includes orthoalgebras. effect 
algebras satisfying the Riesz decomposition property and lattice effect algebras. 

Proposition 1.13. Let E be a homogeneous effect algebra and v G E. The 
following conditions are equivalent. 

(i) V e S{E); 

(ii) y < z whenever w,y,z £ E such that v~w®z,y<w' and y < w. 

Proof, (i) =^ (ii) Evidently, there is a block, say B, such that it contains 
the following orthogonal system {y, w Q y, z,l Q v}. Hence B contains also w, 
w' and V € C{B). Since 1 = w (B w' we obtain by Statement 11.81 (ii) that 
V = V Ab w ®v Ab w' ^ w (B V Ab w' . Subtracting w we obtain z = v As w' . 
Hence y < w < v and y < w' yields that y < z. 
(ii) =^ (i) Let ?/ G [0,w]n[0, u']. Put i(j = u and z = 0. Immediately, y < 0. D 



An important class of effect algebras was introduced by Gudder in [7| and 
[8[. Fundamental example is the standard Hilbert spaces effect algebra f (H). 
For an element x of an effect algebra E we denote 

X = \J e{^ "= ^{^) I s < x} if it exists and belongs to S(i?) 

X = Ae{^ "= ^i^) \ s > x} if it exists and belongs to S{E). 

Definition 1.14. ([7[, [8[.) An effect algebra (_E, ®, 0, 1) is called sharply dom- 
inating if for every x € E there exists x. 

Obviously, x is the smallest sharp element such that x <x. That is a; G S{E) 
and if y G S(i?) satisfies x < y then x < y. 

Recall that the following conditions arc equivalent in any effect algebra E. 

• E is sharply dominating; 

• for every x £ E there exists x G ^{E) such that x < x and if m G ^{E) 
satisfies u < x then u <x; 

• for every x G E there exist a smallest sharp element x over x and a greatest 
sharp element x below x. 

As proved in [l|, S{E) is always a sub-effect algebra in a sharply dominating 
effect algebra E. 

Statement 1.15. [lOl Proposition 15] Let E be a sharply dominating effect 
algebra. Then every x G E has a unique decomposition x — xs (B xm , where 
Xs G S{E) and Xm G M(i?), namely x = x® {x Qx). 

Lemma 1.16. Let E be a sharply dominating effect algebra and let x £ E. 

X Qx = x Q X = x Qx. 

Proof. Clearly x Qx <x Qx £ S{E) and x Q x <x Qx e S(£'). Therefore 
x Qx <x Qx and x Q x <xQx. Now, by adding x, we obtain 

X = x ® {x Qx) <x(BxQx<x 

which yields x (B x Qx = x, and similarly 

X = x Q {x Qx) <xQxQx<xQ{xQx) = x 

which yields x — x Qx Q x. D 

Lemma 1.17. Let E be a sharply dominating effect algebra and let x E E. 

xQx = x' Q (x)' = x' Q {x') 

and 

xQx = (x)' Qx' ^ [x') Q x' 

Proof. Transparent. D 
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Figure 1: Example 1 2. 2 1 



2. Meager, hypermeager and ultrameager elements 



In what follows set (see [lO|, UM ) 

M(£') = {x e E \ if w G S(£') satisfies v <x then v = 0}. 

An element x G M{E) is called meager. Moreover, x G M(i?) iff a; = 0. 
Recall that x G M(£:), y e E, y <x implies j/ G M(£:) and xQy & M{E). 
We also define 

Definition 2.1. 

HM(i?) ^ {x e E \ there is. y e E such that x < y and a; < j/'} 
and 

UM(£;) = {x e E \ for every y G S(£;) such that a; < y it holds x <yQx}. 
An element x G HM(i?) is called hypermeager, an element a; G UM(i?) is called 
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Figure 2: Example [231 



Example 2.2. In the non- homogeneous non-sharply dominating effect algebra 
depictured in Figure^ M{E) = HM(S) 7^ UM(£'). Sharp elements are denoted 
in black. One can easily check that £^ is a sub-effect algebra of the MV-effect 
algebra [0,1] x [0,1] such that a H^ (|,0),6 1-^ {l,l),c >-)• (0, |). Moreover, 
since a® c ^ S(i?) we obtain that S{E) is not a sub-effect algebra of E. 

Example 2.3. In the non- homogeneous non-sharply dominating effect algebra 
depictured in Figure l M(£;) ^ BM{E) ^ VM{E). 

Sharp elements are denoted in black. One can easily check that E is a sub- 
effect algebra of the MV-effect algebra [0, 1] x [0, 1] such that a i->- (|,0),6 i->- 
(i i),c i-^> (0, |). Moreover, since a (B c ^ S{E) we obtain that S{E) is not a 
sub-effect algebra of E. 



Lemma 2.4. Let E he an effect algebra. Then HM(i?) C M(i?). Moreover, for 
all X ^ E , X & HM(i?) iff X ® X exists and, for all y G M(iJ), y ^ there is 
h e HM(^), h^O such that h<y. 

Proof. Let X G HM(i?). Then there is y E E such that x < y and x < y' . 
Therefore also x < y < x', i.e. x (B x exists. Let v G S(£'), v < x < y. Then 
V < X <y' <v'. Hence v = v Av' = 0, i.e., x G M(i5). 

Now, let a; G -E such that x G) x exists. Then x < x' and evidently x < x. 
Hence a; G HM(£'). 

Assume that y G M{E), y ^ Q. Since y is meager there is a non-zero 
element h such that h < y and h < y' (otherwise we would have y G S{E), a 
contradiction). This invokes that h is hypermeager. D 

Lemma 2.5. Every ultrameager element is hypermeager. 

Proof. Let x be an ultrameager element of an effect algebra E. Because 1 G 
S(£'), X < 1 Q X = x' , and by Lemma [2^ x is hypermeager. D 

Lemma 2.6. Lei E be a sharply dominating effect algebra and let y £ E. Then 
y is ultrameager if and only if y <y Q y. 

Proof. For every s G S(i?) for which y < s, it holds y < s and y G S(i?). D 

Lemma 2.7. /n every homogeneous effect algebra E, UM(i?) — HM(£'). 

Proof. Let £' be a homogeneous effect algebra. By Lemma 12. 5| UM(iJ) C 
HM(_E). Let conversely x G HM(£') and y G S(£') such that x <y. There exists 
a block B for which x,y,x (Bx,y Q x G B. By Statement 11.121 (vii), y is central 
in B. Therefore x Q) x < y and consequently x < y Q x. D 

Lemma 2.8. In every sharply dominating homogeneous effect algebra E, 
VM{E)= \J iyniiyey)= [j iyni{yey) = 

yelJM(E) yGHM{E) 

U iyniiyey)=\JiyniiyQy)^RM{E). 

yeM{E) yeE 

Proof By Lemma [23 UM(£') = HM(£;). Lemma HH yields 

VM{E)C [J iy<^ [J iyniiyQy), 

yeVM{E) yeUM{E} 

which implies 

HM(i?) = UM(i?) C y iyni{yey)C [j iyni{yey)C 

yelJM{E) y£HM{E) 

U iyni{yey)c\Jiyni{yey)cuM{E). 

yeM{E) yes 

□ 



Lemma 2.9. In any homogeneous effect algebra E, 

y Ab z = ^==^ y A z = 

holds for any block B and y, z £ C{B). 

Proof. =^ Since y Ab ^ = 0, it holds y < z'. Therefore w £ [0, y] D [0, z] 

imphes w £ [0, z'] n [0, z] = {0}. 

<;= Trivial D 

Lemma 2.10. The following conditions are equivalent in any sharply dominat- 
ing homogeneous effect algebra E. 

(i) for any block B and v,y,z £ B, it holds v £ B and y Ab z = =^ 
y As z = 0; 

(ii) for any block B and v,y, z £ B, it holds v £ B , and y Ab ^ = =^ 
y Ab z = if furthermore y, z £ B H M(£'); 

(iii) for any block B and v,y,z £ B, it holds v £ B and y Ab z = =^ 
yAz^O; 

(iv) for any block B and v,y,z £ B, it holds v £ B, and y Ab z — =^ 
y Az ~ if furthermore y,z £ B C\ M(_E). 



Proof. Clearly (i) ■4=^ (iii) and (ii) <;=> (iv) in virtue of Lemma 12.91 Further- 
more, (i) =^ (ii) and (iii) ^=> (iv). 

(ii) => (i) Let _B be a block in E and y, z £ B. By assumption, y,z £ B. 
Therefore y Q y,'z Q z £ B n M(£'). By assumption, from Lemma [1.161 and the 
fact that {y Q y) Ab {z Q z) ~ we get 

iyQy)AB{zeT)=yQyABzeI=0. 

Further, ^ w £ [0,y\ n [0,z] n B implies ^ w £ [0,y] n [0,?]. Clearly 
w Ab {z ® {z Q z)) = w ^ 0. There exist wi < z,W2 < z Q z for which 
'Wi®W2 = w<y. Because w Ab z = Q, wi =0 and w = W2 <^Q z £ M{E). 
Therefore w = 0, a. contradiction. 

This yields y Ab z = (y Gy) Ab z ® (y Ab z) = {y Qy) Ab z ^ (y Q y) Abz. 
Applying the above considerations once more wc obtain that y Ab 'z = 

(yey) Ab?^ (2/ey)AB (zGi) = o. n 

Definition 2.11. A sharply dominating homogeneous effect algebra is sober if 
it satisfies the equivalent conditions in Lemma 12.101 

Lemma 1.V1. Let E be a homogeneous effect algebra, and y £ E and w £ S(E) 
for which y < w and ky exists. It holds ky < w. 

Proof. The elements y' , w, y, 2y, . . . ,ky belong to one block B. For fc = 1 
the statement holds. Suppose 2 < fc and the statement holds for fc — 1. By 
Statement 11.81 ^ ^b ky = {w Ab {k — l)y) (B y = {k — l)y ®y^ky. Therefore 
ky < w. n 



10 



Lemma 2.13. Let E he an Archimedean homogeneous effect algebra. For any 
a £ E \ {0} for which a A (naCi)' = 0, it holds a exists and a = HaO. 

Proof. Let a £ E such that a A {uaa)' = 0. Clearly a ^ {naa)'. Suppose that 
there exists an element b € E, b < UaU and b < (uaa)' . By Statement 1 1 . 1 II we 
have that there arc bi, . . . , &„^ such that & = 6i © ■ • • © 6„^ and &.j < a for all 
1 < i < Ua- Hence b^ < a A {nao)' = for all 1 < i < n, i.e. b ~ 0. Therefore 
Uatt € S{E) and by Lemma r2.12[ the statement follows. D 

Let us recall the following statement. 



Statement 2.14. IJ, Theorem 2.10] Let E be an atomic Archimedean lattice 
effect algebra and let x € M(£'). Let us denote A^ ~ {a \ a an atom of E, 
a < x} and, for any a G A^;, we shall put k'^ = max{k G N | fca < x}. Then 

(i) For any a G A^ we have k^ < Ua- 

(ii) The set F^ ~ {k^a \ a G A^} is orthogonal and 

X — Q3{fcjja I a an atom of E, a<x} — \/Fx. 

Moreover, for all B C A^ and all natural numbers lb < ni,,b € B such that 
X — ^{Ibb I b G B} we have that B = A^ and la ~ k^ for all a G A^ i.e., 
Fx is the unique set of multiples of atoms from A^ such that its orthogonal 
sum is X. 



(iii) // X exists then 



@{naa I a an atom of E, a < x} 
\l{naa I a G A^] 



and 



xOx = ®{{na-kl)a\ ogA^} 
= y{{na-kl)a I a G A^}. 



Statement 2.15. [l^, Theorem 2.1] Let E he a lattice effect algebra. Assume 
b £ E, A C E are such that \/ A exists in E and 6 O a for all a E A. Then 

(a) b^\/A. 

(b) \/{b A a : a E A} exists in E and equals 6 A (V ^)- 

Proposition 2.16. Every atomic Archimedean sharply dominating lattice effect 
algebra is sober. 

Proof. Let us check the condition (ii) from Lemma 12.101 Let B be a block of 
E and assume that v,y, z G B. Then v = v ® x, x G M{E). If x = we are 
finished. Assume that x j^ 0. We shall use the same notation as in Statement 
12.141 RecaU that a:ea: = ?;©wG M(£'). Moreover, let a £ A^. Then a <x <v 
and a < x Q x = v Q v < v' . Hence a G -B by Statement 11.121 (viii). This 
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yields that (ria — k^)a G B for all a £ A^. Since x Q x = 0{(no — k^a \ 
a an atom of £■, a < a;} we have by Statement 12.151 that vQiv = xQx£B. 
Hence also v~{vQiv)®v£B. 

Assume now that y € M{E) and y A z = 0. Let us put Ay = {a \ a an 
atom oi E, a < y}. Evidently, a A z = 0, UaU A z £ B and z < a' for all a £ Ay. 
Therefore by Statement 11.111 riaa A z < Uaa ~ a® ■ ■ ■ G) a yields that naa A z = 
bi ® ■ ■ -bn, bi < Uatt A z A a = for all a G j4j,. Then Statements 12.141 (iii) and 
12.151 (h) yield that y A z = \/{naa \ a £ Ay} A z = \/{naa A z | a £ Ay} = 0. 

Assume now that y,z G M{E) and y A z = 0. Applying the same considera- 
tions as above once more we get that y A z = 0. D 

3. Meager elements in orthocomplete homogeneous effect algebras 

By definition and preceding results, orthocomplete homogeneous effect alge- 
bras are always homogeneous, Archimedean, sharply dominating and fulfill the 
following condition (W-f-). 

Definition 3.1. [19| An effect algebra E fulfills the condition (W+) if for each 
orthogonal subset ACE and each two upper bounds u, v of A® there exists an 
upper bound w of A® below u, v. 

An effect algebra E has the maximality property if {u, v} has a maximal 
lower bound w for every u,v G E. 

It is easy to see that an effect algebra E has the maximality property if and 
only if {u, v} has a maximal lower bound w, w > t for every it, v,t £ E such that 
i is a lower bound of {u, v}. As noted in [l9| E has the maximality property if 
and only if {u,v} has a minimal upper bound w for every u,v G E. 

Statement 3.2. J19l Theorem 2.2] Lattice effect algebras and orthocomplete 
effect algebras fulfill both the condition (W+) and the maximality property. 

Statement 3.3. J19l Theorem 3.1] Let E be an Archimedean effect algebra 
fulfilling the condition (W+), and let y, z G E. Every lower bound of y, z is 
below a maximal one and every upper bound of y, z is above a minimal one. 
Then E has the maximality property. 

Proposition 3.4. Let E be an Archimedean effect algebra fulfilling the condi- 
tion (W+). Then every meager element of E is the orthosum of a system of 
hypermeager elements. 

Proof. Let y G M(£'). Consider the set A of all orthogonal systems, precisely 
multisets, A of hypermeager elements for which y is an upper bound of A® . 
Since the multiset union of any chain in A belongs to A, there exists a maximal 
element Z in A. Since E is Archimedean any element of Z is contained in Z 
only finitely many times. If y is not the supremum of Z® , there exists by the 
condition (W-I-) an upper bound z of Z® for which z < y. Since y is meager, 
y Q z 7^ is meager too, and therefore there exists a non-zero hypermeager 
element h such that h < y Q z. Obviously the multiset sum Z \+i {h} belongs to 
A, which contradicts the assumption of maximality of ^. D 
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The following statement generalizes [10|, Theorem 13]. 

Corollary 3.5. Let E he an Archimedean sharply dominating effect algebra 
fulfilling the condition (W+). Then every element x ^ E is the sum of x and 
of the orthosum of a system of hypermeager elements. 

Lemma 3.6. Let E be an effect algebra having the maximality property, let 
u,v €i E, and let a, b be two maximal lower bounds of u, v. There exist elements 
y, z for which y < u, z < v, a,b are maximal lower bounds of y, z and y, z are 
minimal upper bounds of a,b. 

Proof Straightforward. D 

Lemma 3.7 (Shifting lemma). Let E be an effect algebra having the maximality 
property, let u,v G E, and let ai, &i be two maximal lower bounds of u, v. There 
exist elements y, z and two maximal lower bounds a, b of y, z for which y < u, 
z < V, a < ai, b < bi, a A b = 0, a,b are maximal lower bounds of y,z and 
y, z are minimal upper bounds of a, b. Furthermore, (y Q a) A (z Q a) = 0, 
(j/ e 6) A (z e fe) = 0, (y e a) A (y e 6) = 0, (z G a) A (z e 6) = 0. 

Proof. Let c be a maximal lower bound of ai,bi. Let us put j/i = u0c, zi = wQc, 
a = ai Q c and b — bi Q c. Evidently, a Ab ~ 0, yi < u, zi < v, a < ai, h <hi 
and a, h are maximal lower bounds oi y,z. By Lemma 13.61 there exist elements 
y, z for which y <yi, z < zi, a,h are maximal lower bounds of y, z and y, z are 
minimal upper bounds of a, h. D 

The Shifting lemma provides the following minimax structure. 


Proposition 3.8. Let E be a homogeneous effect algebra having the maximality 
property. Every two hypermeager elements u,v possess u A v. 

Proof. Consider the minimax structure obtained by the Shifting lemma. 
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Hence a and b are hypermeager and we have the following implications: 
a< {yeb)®b < a' ==> (3ai < y Q b){3a2 < 6) a = oi ® 02 "^^ 02 = 0, a = 
0-1 ^ y Q b and 

a < (z e 6) © 5 < a' =^ {3ai < zQ b){3a2 < b) a ^ ai ® a2 "^° 02 = 0, a = 

oi < z 6. 

Since (y e 6) A (z e 6) = 0, it follows a = 0. □ 

Proposition 3.9. Let E be a homogeneous effect algebra having the maximality 
property. For every orthogonal elements u,v, u Av and u \/[o,u®v] ^ exist and 
[0,u Av] C B for every block B containing u or v. 

Proof. Consider the niinimax structure obtained by the Shifting lemma. 





Then a and b are hypermeager and we have the following implications: 

a<{yeb)®b<a' =^ {3ai < y G b){3a2 < b) a ^ ai ® 02 ''^° 02 = 0, a = 
ai < y Qb and 

a < (z < 
ai < z I 



a< {zeb)(Bb<a' =^ {3ai < zQ b){3a2 < b) a = ai (B 02 "^^ 02 = 0, a 



Since {yeb)A{zQb) = 0, it follows a = 0. Clearly {u®v)q{u A v) is the 
supremum oi u,v in [0, w © w]. 

The remaining part of the Proposition follows by Statement II. 12[ (viii). D 

Corollary 3.10. Let E be a homogeneous effect algebra having the maximality 
property. For every element u, u Au' and uM u' exist and [0, u A m'] C _B for 
every block B containing u. 

Corollary 3.11. Let E be a homogeneous effect algebra having the maximality 
property. For any block B and every elements u,v £ B for which u Ab v = Q, 
u Av = 0. 



Proof. Since u Ab v ~ 0, elements u, v are orthogonal. By ProDOsition l3.9[ uAv 
exists and [0,u Av] C B. Therefore u Av ^ 0. D 

Theorem 3.12. Let E be a homogeneous effect algebra having the maximal- 
ity property. Then every block B in E is a lattice, and therefore satisfies the 
difference-meet property. 
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Proof. Let B be a block and y,z € B. There exist elements a,b,c E B for which 
y = a(Bb, z = a(Bc and a (Bb (Be is defined. Hence 6 A c exists and bAcEBin 
virtue of ProDOsition l3.9l Clearly, a © (6 A c) is a maximal lower bound of y, z. 
Consequently, without loss of generality we may assume b A c ~ 0. Suppose v 
is a lower bound of y, z in B. Hence v < a (B b and therefore there exist ai < a 
and 6i < 6 in i? for which ai (Bbi = v. Now vQai = bi < b. Further v < a(Bc. 
Therefore v Q ai < (a Q ai) (B c. There exist elements a2 < a Q ai and C2 < c 
in B for which v Q ai = a2 (B C2. To sum up, (f oi) 02 = C2 < c and 
{v ai) Qa2 < b(Ba2 < b, which together yields (w ai) 02 = C2 < 6 A c = 0. 
Consequently, v ~ ai (B 0,2 < ai (a ai) = a, and a is the infimuni of y, z. 
This yields that S is a lattice. D 

The preceding theorem immediately yields the following statements. 

Corollary 3.13. Let E be a homogeneous effeet algebra having the maximality 
property. Then E ean be covered by MV-algebras which form blocks. 

Corollary 3.14. Let E be an Archimedean homogeneous effect algebra fulfilling 
the condition (W+). Then E can be covered by Archimedean MV-algebras which 
form blocks. 



Note that as in [15| we obtain that Archimedean homogeneous effect algebras 
fulfilling the condition (W+) (in particular orthocomplete homogeneous effect 
algebras) can be covered by ranges of obscrvablcs. 

Proposition 3.15. Let E be an orthocomplete homogeneous effect algebra. 
Then every block in E is a lattice. 

Corollary 3.16. Finite homogeneous effect algebras are covered by MV-algebras. 

Corollary 3.17. Let E be a sharply dominating homogeneous effect algebra 
having the maximality property. For any y G M(_E), y A {y Q y) exists and 
y A {yQy) = y Ay'. 



Proof. The meets exist in virtue of Proposition l3.9l Since y <y, there is a block 
B for which y, y e B. Now, y = {y®y')ABy^ {y^By)®{y' Any) =y®{y' Any), 
which implies y0j/ = y' Asy. Consequently, yAy' = {yAy)Ay' ~ {yABy')ABy) = 
(y y) ^B y = {y Qy) /\y because y Qy,y arc orthogonal. D 

Example 3.18. In the finite orthoalgcbra E — {0,a,b,c,d,e, f,a',b', c',d',e', 
/', 1} depictured in Figure |3] which is such that E — S{E) (hence E is homoge- 
neous, Archimedean and orthocomplete), finite joins in blocks do not coincide 
with finite joins in E. One can easily check that E is & sub-effect algebra of the 



15 



(1:1:1) 



V 10 ' 10 ' 10-' 



(11 J. J_) 

^ 20 ' 20 ' 10-' 




(0,0,0) 'xj' 

Figure 3: Example [3TT81 



MV-effect algebra [0, 1] x [0, 1] x [0, 1] such that 



i-> (0,0,0), 



1 ^(1,1,1), 



a 


^(i 


1 

20 


10'' 


b 


^ ^ 1 17 1 
^^ V 20' 20' 10 


d 


^(i. 


3 
20 


0), 


e 


->(o,o,^). 


a' 


^(1) 


19 
20 


10'' 


b' 


^ ng 3 9 

^^ V 20' 20' 10 


d' 


^(^. 


17 
20 


1), 


e' 


^(1,1,1^), 



r i-A (A 19 n^l 
V20' 20' '' 

f H^ (J- J- A^ 

•' Vio' 10' 10'' 

r' ^ (11 J- T) 
^ ^^ V20' 20' '' 

f ^_V (A J. A^ 
•' ^^ Vio' 10' 10'" 

Moreover 1 = (1,1,1) = a©6®/ = a®c®e = b®d®e. This yields that ^ has 
only the following blocks: Bi = {0, a, &, /, a © 6 = /', a e / = 6', & ffi / = a', 1}, 
B2 = {0, a, c, e, a ® c = e' , a (Q e = c' , c ® e = a' , 1} and -83 = {0, b,d,e,bO d = 
e',6©e = d',d©e = 6',1} which are lattice ordered. Hence a j^ d, b j^ c, 
cj^d, cj^f,dj^f,ej^f. In particular, a and b have two different minimal 
upper bounds, a © 6 and a(B c. 

Open problem 3.19. One question still unanswered is whether, if A, B are two 
blocks of E with x,y £ AD B, then x M a y ~ x W b y; here E is an Archimedean 
sharply dominating homogeneous effect algebra fulfilling the condition (W+). 
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